We extract (for the first time) the correlated values of the running masses mc and m b from MB c using QCD Laplace sum rules (LSR) within stability criteria where pertubative (PT) expressions at N2LO and non-perturbative (NP) gluon condensates at LO are included. We deduce : mc(mc) = 1275(11) MeV and m b (m b ) = 4216(10) MeV. Combined with our recent estimates from charmonium, bottomium and D, B sum rules, we deduce the new QCD Spectral Sum Rules (QSSR) global average mc(mc) = 1266(5) MeV and m b (m b ) = 4199(6) MeV. As a result, we present an improved prediction of fB c = 431(7) MeV.
Introduction
Extractions of the perturbative (quark masses, α s ) and non-perturbative quark and gluon condensates QCD parameters are very important as they will serve as inputs in different phenomenological applications of the (non)-standard model. Lattice calculations are an useful tool for a such project but alternative analytical approaches based on QCD first principles (Chiral perturbation, effective theory and QCD spectral sum rules (QSSR)) are useful complement to the previous numerical simulations as they give insights for a better understanding of the (non)-perturbative phenomena inside the hadron "black box".
In this note, we shall use the Laplace version [1, 2, 3, 4, 5, 6] of QSSR introduced by Shifman-VainshteinZakharov (SVZ) [1, 2, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] for a new extraction of the running quark masses m c and m b from the B c (0 −+ )-meson mass which we shall use for improving the prediction on its decay constant f Bc .
The QCD Laplace sum rules T he QCD interpolating currents
We shall be concerned with the following QCD interpolating currents:
where: µ is the vector/axial polarization; J P (x) (resp J µ V /A (x)) are the local heavy-light pseudoscalar (resp. vector/axial) current; m c,b are renormalized mass of the QCD Lagrangian; f P , f V /A are related to the leptonic widths Γ[P (V /A) → l + ν l ] and normalised as f π = 132 MeV.
Form of the sum rules
We shall work with the Finite Energy version of the QCD Laplace sum rules (LSR) and their ratios :
where τ is the LSR variable, n the degree of moments, t c is the threshold of the "QCD continuum" which parametrizes, from the discontinuity of the Feynman diagrams, the spectral function Im
is the transverse part of the two-point correlator:
In the (pseudo)scalar channel, we work with the correlator:
which is related to the longitudinal part Π
A (q 2 ) of the axial one through the Ward identity [9, 10, 5] :
where, to lowest order, the perturbative part of ψ P (0) reads:
with :
where i ≡ c, b; µ is the QCD subtraction constant and a s ≡ α s /π is the QCD coupling. This PT contribution which is present here has to be added to the well-known non-perturbative contribution:
for absorbing mass singularities appearing during the evaluation of the PT two-point function, a point not often carefully discussed in some papers. Working with ψ P (q 2 ) is safe as ψ P (0) should affect the sum rules
P arametrisation of the spectral function
In the present case, where there are no complete data, we use the duality ansatz:
for parametrizing the spectral functions. M H and f H are the lowest ground state mass and coupling analogue to f ρ and f π . This implies :
indicating that the ratio of moments appears to be a useful tool for extracting the masses of hadron ground state [9, 10, 11, 12, 13] . In the following, we shall work with the lowest ratio of moments R c 0 .
Ō ptimization Criteria
For extracting the optimal results from the analysis, we shall use optimization criteria (minimum sensitivity) of the observables versus the variation of the external variables namely the τ sum rule parameter or the number n of moments, the QCD continuum threshold and the subtraction point µ. Results based on these criteria have lead to successful predictions in the current literature. τ -stability has been introduced by BellBertlmann using the toy model of harmonic oscillator [8] and used successfully in the heavy [3, 4, 8, 21, 22, 23, 24, 25, 26, 27, 28] and light quarks systems [1, 2, 9, 10, 11, 12, 13, 29] . It has been extended later on to the t c -stability [9, 10, 11, 12] and to the µ-stability criteria [30, 31, 29, 32, 33] . Stability on the number n of heavy quark moments have also been used [34, 35, 36, 37] . One can notice in the previous works that these criteria have lead to more solid theoretical based and improved results from the sum rule analysis.
Q CD expression of the sum rules
The complete expression of the perturbative NLO spectral function has been obtained in [38] and explicitly written in [39] . We add to this expression the N2LO result obtained in [40, 41] for m c = 0. We consider as a source of errors an estimate of the N3LO contribution by assuming a geometric growth of the PT series [42] which mimics the phenomenological 1/q 2 dimension-two term which parametrizes the large order terms of PT series [43, 44, 45, 46] .
The Wilson coefficients of the non-perturbative α s G 2 and g 3 G 3 contributions are also given in [39] . We transform the pole masses to the running masses using the known relation in the M S-scheme : M S-scheme to order α 
for n l light flavours.
QCD input parameters
The QCD parameters which shall appear in the following analysis will be the charm and bottom quark masses m c,b , the gluon condensates α s G 2 and g 3 G 3 . Table 1 . T he heavy quark Q Q and quark-gluon mixed Q GQ condensates are absorbed into the gluon ones using an heavy quark mass expansion [39] :
W e shall use from the M χ0c − M ηc sum rule [33] :
which is more precise than the one from M χ 0b − M η b [33] :
These lead to the mean value quoted in Table 1 , which is in complete agreement with the world average [56, 57, 58 , 59]: α s (M Z ) = 0.1181 (11) . (14) For the heavy quarks, we shall use the running mass and the corresponding value of α s evaluated at the scale µ. We shall use the range of values given in Table 1 .
In the following, we study the correlation between m c and m b from M Bc using the ratio R c 0 Laplace sum rules defined in Eq. 2. W e show in Fig. 1 the τ - Ḡ iven e.g the value of m b (m b ) = 4222 MeV, we show in Fig. 2 the correlated values of m c (m c ) at different values of µ needed for reproducing M Bc . We obtain a µ-stability for :
which we shall use in the following. Ḡ iven µ =7.1 GeV, we show in Fig. 3 Table 1 . 
needed for reproducing the experimental mass [56] :
Then, we deduce our final estimate: 
where the errors due to other parameters are negligible. This result improves the previous one f Bc = 436 (40) MeV obtained in Ref. [32] . (6) Global Average This work recent ones from charmonium and bottomium systems quoted in Table 1 . Combining these values with the ones from recent different QSSR determinations collected in Table 2 , where one can notice that the results from the D and B masses are relatively inaccurate, we obtain the new QSSR average: 
Summary and Conclusions
Ū sing the new results in Eq. 18, we first improve our previous prediction of f Bc [32] which becomes more accurate (see Eq. 19). T hese new improved results will be useful for further phenomenological analysis. We plan to extend the analysis to the other B c -like mesons in a future work.
